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3 questions en algèbre, géométrie et topologie

TOPOLOGIE : Peut-on reconnaître les espaces topologiques qui
ont le type d’homotopie d’un espace de lacets itérés
ΩnX := Top(Sn,X ) ?

ALGÈBRE : Est-ce que le foncteur «algèbre enveloppante» U :
algèbres de Lie nilpotentes→ algèbres associatives

Ug := T(g)/(x ⊗ y − y ⊗ x − [x , y ])
détecte les isomorphismes ?

GÉOMÉTRIE : Est-ce que la structure de Hodge mixte sur le
cohomologie de la compactification partielle

M0,n ⊂Mδ
0,n ⊂M0,n

de F. Brown est pure ?

−→ OUI !
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STRUCTURE ALGÉBRIQUE : produit associatif sur A

ν : A⊗2 → A , ν(ν(a,b), c) = ν(a, ν(b, c))

2 BRUNO VALLETTE

This text does not pretend to be exhaustive, nor to serve as a faithful reference to the existing literature. Its
only aim is to give a gentle introduction to the ideas of this field of mathematics. We would like to share
here one point of view on the subject, from “student to student”. It includes many figures and exercises to
help the learning reader in its journey. To ease the reading, we skipped many technical details, which can
be found in the book [LV10].

CONVENTION. In this text, a chain complex (V, d) is usually a graded module V := {Vn}n2Z equipped
with a degree�1 map d (homological convention), which squares to zero. For the simplicity of the presen-
tation, we always work over a field K of characteristic 0, even if some exposed results admit generalizations
beyond that case.

1. WHEN ALGEBRA MEETS HOMOTOPY

In this section, we treat the mother example of higher algebras: A1-algebras. We show how this notion
appears naturally when one tries to transfer the structure of an associative algebra through homotopy data.
We provide an elementary but extensive study of its homotopy properties (Homotopy Transfer Theorem,
A1-morphism, Massey products and homotopy category).

1.1. Homotopy data and algebraic data. Let us first consider the following homotopy data of chain
complexes:

(A, dA)h
%%

p
// (H, dH)

i
oo

IdA � ip = dAh + hdA ,

where i and p are morphisms of chain complexes and where h is a degree +1 map. It is called a homotopy
retract, when the map i is a quasi-isomorphism, i.e. when it realizes an isomorphism in homology. If
moreover pi = IdH , then it is called a deformation retract.

EXERCISE 1. Since we work over a field, show that any quasi-isomorphism i extends to a homotopy
retract. (Such a statement holds over Z when all the Z-modules are free.)
Hint. Use the same kind of decomposition of chain complexes with their homology groups as in Sec-
tion 1.4.

Independently, let us consider the following algebraic data of an associative algebra structure on A:

⌫ : A⌦2 ! A, such that ⌫(⌫(a, b), c) = ⌫(a, ⌫(b, c)), 8a, b, c 2 A .

By simplicity, we choose to depict these composites by the following graphically composition schemes:

where we forget about the input variables since they are generic. Actually, we consider a differential graded
associative algebra structure on (A, dA), dga algebra for short, on A. This means that the differential dA

of A is a derivation for the product ⌫:

(In this section, we do not require that the associative algebra has a unit.)

,

TRANSPORT DE STRUCTURE : isomorphisme

A
p // H
i

oo , ip = idA et pi = idH .

µ2 := p ν i⊗2 : H⊗2 → H : associatif
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RELATION D’ÉQUIVALENCE HOMOTOPIQUE :

Rétract par déformation h !!
p //

i
oo

Version algébrique (A,dA)h
&& p //

(H,dH)
i

oo

idA − ip = dAh + hdA 6= 0

PRODUIT TRANSPORTÉ : : pas associatif
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IDÉE : introduire µ3 : H⊗3 → H

mesure le défaut
d’associativité de µ2 .

Et ainsi de suite :
µn : H⊗n → H,
pour n > 2.

Arbres
Binaires
Planaires
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Définition (A∞-algèbre, Stasheff 1963)

(H, µ1 = dH , µ2, µ3, . . .) telle que = 0=0

Théorème (Transport homotopique, Kadeishvili 1982)

H retract par déformation de A : (H, µ1, µ2, µ3, . . .) A∞-algèbre.

notion homotopiquement stable

considérer des structures supérieures =⇒
pas de perte d’information algébro-homotopique
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THÉORIE DE LA REPRÉSENTATION : morphisme d’anneaux

(A, ·,1)
Φ−→ (Hom(V ,V ), ◦, idV )

a 7→ Φ(a)

EXEMPLE : A = K〈x , y〉/(x2, y2, xy − yx) code universellement
les paires d’opérateurs linéaires de carré nul qui commutent.
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THÉORIE DE LA REPRÉSENTATION MULTILINÉAIRE : morphisme
de quoi ?

(?, ?)
Φ−→ (EndV := Hom(V⊗n,V )n∈N, ◦i)

? 7→ Φ(?)

f ◦i g = = 0=0
f

g
i

Définition (Opérade, May 1972)

Collection : {P(n)}n∈N de Sn-modules
Compositions : ◦i : P(n)⊗ P(m)→ P(n + m − 1)

Définition (Algèbre sur une opérade)

Structure de P-algèbre : morphisme d’opérades P → EndV .

EXEMPLE : As := T
(

2 BRUNO VALLETTE

This text does not pretend to be exhaustive, nor to serve as a faithful reference to the existing literature. Its
only aim is to give a gentle introduction to the ideas of this field of mathematics. We would like to share
here one point of view on the subject, from “student to student”. It includes many figures and exercises to
help the learning reader in its journey. To ease the reading, we skipped many technical details, which can
be found in the book [LV10].

CONVENTION. In this text, a chain complex (V, d) is usually a graded module V := {Vn}n2Z equipped
with a degree�1 map d (homological convention), which squares to zero. For the simplicity of the presen-
tation, we always work over a field K of characteristic 0, even if some exposed results admit generalizations
beyond that case.

1. WHEN ALGEBRA MEETS HOMOTOPY

In this section, we treat the mother example of higher algebras: A1-algebras. We show how this notion
appears naturally when one tries to transfer the structure of an associative algebra through homotopy data.
We provide an elementary but extensive study of its homotopy properties (Homotopy Transfer Theorem,
A1-morphism, Massey products and homotopy category).

1.1. Homotopy data and algebraic data. Let us first consider the following homotopy data of chain
complexes:

(A, dA)h
%%

p
// (H, dH)

i
oo

IdA � ip = dAh + hdA ,

where i and p are morphisms of chain complexes and where h is a degree +1 map. It is called a homotopy
retract, when the map i is a quasi-isomorphism, i.e. when it realizes an isomorphism in homology. If
moreover pi = IdH , then it is called a deformation retract.

EXERCISE 1. Since we work over a field, show that any quasi-isomorphism i extends to a homotopy
retract. (Such a statement holds over Z when all the Z-modules are free.)
Hint. Use the same kind of decomposition of chain complexes with their homology groups as in Sec-
tion 1.4.

Independently, let us consider the following algebraic data of an associative algebra structure on A:

⌫ : A⌦2 ! A, such that ⌫(⌫(a, b), c) = ⌫(a, ⌫(b, c)), 8a, b, c 2 A .

By simplicity, we choose to depict these composites by the following graphically composition schemes:

where we forget about the input variables since they are generic. Actually, we consider a differential graded
associative algebra structure on (A, dA), dga algebra for short, on A. This means that the differential dA

of A is a derivation for the product ⌫:

(In this section, we do not require that the associative algebra has a unit.)

)
/
( )

→ algèbres associatives
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opérade P = T (V )/(R)

��

P∞ : résolution (syzygies opéradiques)∼oo

��
catégorie d’algèbres

de type P
� � // catégorie de P∞-algèbres

Ass = T
( )

/
(

−
)

︸ ︷︷ ︸
quotient

∼←− A∞ :=
(
T
(
• ⊕ • ⊕ · · ·

)
,d
)

︸ ︷︷ ︸
quasi−libre

.

Changement de paradigme en algèbre universelle : considérer
toutes les opérations possibles en un seul objet.
Théorie effective pour gérer les calculs avec les structures
algébriques supérieures (6= catégorie des modèles).
Boîte à outils complète : dualité de Koszul, bases de Gröbner,
théorème de transport homotopique,∞-morphismes, etc.
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OPÉRADES COLORÉES : action sur plusieurs espaces

OPÉRADES MODULAIRES : espaces de modules de courbes

Mg,n :

COUNTING LATTICE POINTS IN COMPACTIFIED MODULI SPACES OF CURVES 3

only when b1, b2, . . . , bn are positive integers. However, its quasi-polynomial behaviour allows us to evaluate
Ng,n(b1, b2, . . . , bn) for arbitrary integers b1, b2, . . . , bn.

The tautological intersection numbers stored in the top degree coefficients of Ng,n(b) are precisely those
which are governed by the Witten–Kontsevich theorem [5, 13]. The orbifold Euler characteristic for the
Deligne–Mumford compactification Mg,n is computed in [1], though not in explicit form. It is interesting
that these two calculations should appear together in the context of counting lattice points in Mg,n. We
remark that it is currently unknown whether or not the intermediate coefficients of Ng,n(b) store topological
information about Mg,n.

The following recursive formula can be used to effectively compute Ng,n(b) from the base cases N0,3(b1, b2, b3)

and N1,1(b1).

Theorem 2. Let S = {1, 2, 3, . . . , n} and for an index set I = {i1, i2, . . . , im}, let bI = (bi1 , bi2 , . . . , bim). The
compactified lattice point count satisfies the following recursive formula,

 
n

Â
i=1

bi

!
Ng,n(bS) = Â

i 6=j
Â

p+q=bi+bj

f (p)qNg,n�1(p, bS\{i,j})(1)

+
1
2 Â

i
Â

p+q+r=bi

f (p) f (q)r


Ng�1,n+1(p, q, bS\{i}) + Â
g1+g2=g

I1tI2=S\{i}

Ng1,|I1|+1(p, bI1)Ng2,|I2|+1(q, bI2)

�

where p, q and r vary over all non-negative integers, f (p) = p for p positive and f (0) = 1.

Further recursion relations, known as the string and dilaton equations are satisfied by Ng,n(b). See Section 5.

Recall that the Deligne–Mumford compactification Mg,n possesses a natural stratification indexed by dual
graphs. The dual graph of S 2 Mg,n has vertices corresponding to the irreducible components of S and
assigned genus, edges corresponding to the nodes of S, and a tail—an edge with an open end (no vertex)—
corresponding to each labeled point of S. Figure 1 shows an example and Section 3 gives precise definitions.
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FIGURE 1. Dual graph of a stable curve.

The following theorem expresses Ng,n(b) as a sum over dual graphs of type (g, n). Each dual graph
contributes the product of its vertex weights divided by the order of its automorphism group. The weight
attached to a vertex v is the quasi-polynomial Nh(v),n(v)(bI(v), 0), where h(v) is the genus of the vertex, n(v)

is the valence of the vertex and I(v) denotes the set of labels on the tails adjacent to v.

PROPÉRADES : plusieurs entrées et plusieurs sorties
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Théorème (May, 1972)

Y ∼ ΩnX ⇐⇒ Y : Dn-algèbre

◦1 =

Théorème (Campos–Robert-Nicoud–Wierstra–Petersen, 2024)
Le foncteur «algèbre enveloppante» U détecte les isomorphismes.

Démonstration.
→ calcul des algèbres pré-Lie [Dotsenko–Shadrin–V., 2016]
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Théorème (Dupont–V., 2017)

La structure de Hodge mixte sur Hk (Mδ
0,n,Q) est pure.

−→ strates indicées par les
arbres planaires :
opérade dihédrale libre

Brown’s moduli spaces of curves and the gravity operad 2833

Figure 4: The combinatorial structure of Mı
0;5

The stratum corresponding to the corolla is the open stratum M0;S . For d D fcg 2

Diss1.S; ı/ a dissection consisting of only one chord, we get a divisor

Mı.fcg/ä Mı0
0;E0

⇥ Mı1
0;E1

inside Mı
0;S . These divisors are the irreducible components of @Mı

0;S .

Example 3.4 (1) We have Mı
0;3 D f⇤g.

(2) If we write M0;4 D P
1.C/nf1; 0; 1g and SM0;4 D P

1.C/, then we have Mı
0;4 D

P
1.C/ n f1g. The divisor at infinity @Mı

0;4 D f0; 1g has two irreducible components,
all isomorphic to a product Mı

0;3 ⇥ Mı
0;3 , indexed by the two dissection of a 4–gon

with one chord.

(3) Figure 4 shows the combinatorial structure of Mı
0;5 inside SM0;5 . The curves

in dashed lines are the complement SM0;5 n Mı
0;5 . The five curves in straight lines

are the five irreducible components of the divisor at infinity @Mı
0;5 , indexed by the

five dissection of a 5–gon with one chord. They bound a pentagon (shaded). The five
different intersection points of these components are indexed by the five dissections of
a 5–gon with two chords.

Remark 3.5 The stratification of Mı
0;n has the same combinatorial structure as the

natural stratification of an associahedron Kn of dimension n � 3. More precisely,
there is a natural smooth embedding of Kn inside Mı

0;n which is compatible with
these stratifications (the shaded pentagon in Figure 4). This is the same as Devadoss’s
realization of the associahedron [9, Definition 3.2.1]. In that sense, Brown’s moduli
spaces Mı

0;n are algebro-geometric analogs of associahedra.

The dihedral decomposition morphisms

ÅdW Grav.S; ı/! Grav.d/

Geometry & Topology, Volume 21 (2017)
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Définition (Kontsevich–Manin, 1994)

H•(Mg,n)-algèbre : théories cohomologiques des champs (CohFT)

→ Structure des invariants de Gromov–Witten sur H•(X ).

GROUPE DE GIVENTAL : action des lacets formels de GL(A) sur les
CohFTs via des classes caractéristiques tautologiques.

DRINFELD : Définitions de groupes/algèbres de Lie de
Grothendieck–Teichmüller (GRT1 prounipotent) via πgeo

1

(
M0,4

)
.

Théorème (Dotsenko–Shadrin–Vaintrob–V., 2024)

Notion de CohFT∞ quantiques (invariants de GW sur C•(X )).
Groupe de symétries universelles (complexe de graphes de
Kontsevich enrichi en classes caractéristiques tautologiques).
Contient GRT1 et le groupe de Givental.
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Théorème (Roca i Lucio, 2023)
Pour tout corps, on a une adjonction de Quillen :

L : Ens. simpl. alg. L∞ abs. part. : R⊥

L’unité d’adjonction X ∼−→ RL(X ) est une Fp-équivalence.

πn

((
Sd)

Fp

)
∼= πn

(
RL
(
Sd)) ∼= rep

(
L
(
Sd)

n

)
/ ∼.

Théorème (Emprin, 2024)
Soient p 6= l premiers et soit X le complémentaire d’un
arrangement d’hyperplans défini sur Qp ⊂ K ⊂ C.
L’algèbre des cochaînes singulières C•sing(Xan,Z(l)) est
s-formelle, pour un certain s optimal.
Classes (Kaleidin-Emprin) fidèles d’obstruction à la formalité.
Propriété de descente (extension fidèlement plate).
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